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linear systems of difference-differential equations with impulses at fixed moments.
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During recent years which have witnessed vigorous advances in the
theory of automatic control, the theory of nonlinear oscillations, quantum
mechanics, and so on, a number of contributions have been published con-
cerning solutions of differential equations with impulses. Mil’'man and
Myshkis were the first to investigate these problems in [1, 2]; notice also
[3-11].

The present paper supplies a justification of a method for the study of
periodic solutions of nonlinear systems of differentiai-difference equations
with impuises at fixed moments. The method employs and unifies the ideas
of the Galerkin method and the numerical-analytic method due to
Samoilenko [3].

1. STATEMENT OF THE PROBLEM. SOME ASSUMPTIONS

Consider a system of difference-differential equations with impulses at
fixed moments:

X = f(t, x(1), x(t — h)), 1#1¢;

(1)
Ax[r:r,:li(x(ti)),
where x, f, I,e R", t,e R (ie Z,) are fixed points, Z, is a set of integers,
Ax|,_,=x(t;4+0)—x(t;—0), and ¢, , > ¢, for ie Z,.
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By P denote the point with coordinates (r, x(r)), where x(r) is the
solution of (1). The motion of the point P can be described as follows: the
point P starts at the point (7, x,) and moves along the integral curve
(1, x(1)) of the system ¥ = f(¢, x(1), x(+ — h)) until the moment ¢, > t, when
the point P “instantly” moves from the position (¢,, x(z,)) into the position
(ty, x(t;)+ 1,(x(t,))). Then the point P moves along the integral curve
(. x(1)) of the system without impulses until the moment ¢, > ¢,, and so on.
Without loss of generality it can be assumed that 7,=0.

Therefore, the solution of the system with impulses (1) is a piecewise
continuous function x(r) with discontinuity points of the first kind at the
points ¢, i€ Z,, and for te(f; ,,t,) it satisfies the equation

X = f(1, x(1), x(1 — h}),

while for r=1,, it satisfies the jump condition
x(;+0)—x(t;— 0)=T{x(t,—0)).
Suppose the function x(7) is left continuous at the jump points ¢;, i€ Z,,,
1e.,

x(t;)=x(t;,—0)=lim x(t,—¢).
2l 0

Suppose the points ¢; are such that

Ihm ¢,= +o0.

i tow
We say that conditions (A) hold if the following conditions are satisfied:
Al. The function f: G — R" is defined and continuous in
G={(t,x,y)teR x, yeD}
it is periodic with respect to r with period 2n and satisfies the inequality
(6% p) = flt, X, DI SN{x =X +|y—dl}, x, % y, peD,  (2)

where D is the closure of a bounded domain in R, | - | is some norm in R".

A2. Natural numbers k and k, exist, such that ¢, =t,+#h and
K h=2m.

A3. The functions I,: D - R" (ie Z,) are defined and continuous in
D and satsisfy the conditions

(HAx)—I(x)|<SL|x—x|, x,xeD (3)
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uniformly in i,
1i+p(x)=1i(x)’ XED

where p =«x«k,.
Introduce the notation
M= max |[f(1, x, y)|+ max [[(x)].
xe D

te[0,2n] X€
x.yeD 1<igyp
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Consider the space 2, consisting of all continuous 2r-periodic functions.
Each function v(¢) € £2, is associated with the corresponding Fourier series

a & .
o(t)~—+ Y (a,cos qt+b,sin qt),

g=1
where

2n

1

4 q

T Yo

1 p2n .
a,= j v(t) cos gt dt, b =—J’ v(t) sin gt dt.
0

Introduce the operators P, Q2,— R" and P,,: 2, > R" defined by the

equalities

Pyo(t) =§1—LG v(1) dt,

T

P,u(t)= ) (a,cosqt+ by singr).

g=1

Introduce the notation

lx() = sup [x(2)l.
re[0,2n]

Further the following lemma will be employed.

LemMMma 1 [127]. If o(t) is a continuous 2m-periodic function, then the

Jollowing estimates hold:

“j’pmvmdz ‘ < (),

[ (= Py paote)dt] <22 0(m) 1),

(4)
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where E is the identity,

| {
ma 1) T me2r

-, m=1,2,..

Note that inequalities (4) and (5) also hold for piecewise continuous
functions admitting Fourier expansions.

The periodic solutions of system (1) are found in two steps. Assume first
that a unique 2zm-periodic solution of system (1) exists and construct a
sequence of functions, periodic and tending uniformly to the solution of
system (1). Then we prove an existence theorem for the unique periodic
solution of system (1).

2. CONSTRUCTING SUCCESSIVE APPROXIMATIONS. AUXILIARY THEOREMS

Suppose system (1) has a unique 27n-periodic solution ¢(¢) for which
®(0) = x,.

Consider the set S consisting of all piecewise continuous functions
x:[—h, 2n] —» D with discontinuity points ¢,, i€ Z, of the first kind, for
which

x(0)=x(2m) = x,, (6)
x(t)=x(t+2n) for te[—A,0]. (7)

Define the sequence of functions x, () by the formula, as follows:

xo(1) = X for te[—h,2a],
ot [ P U0 2= )
e + ] (B Py P) St 3, 00), xt = b)) ®)
+ Y Lxd))-=— Y Ix(r) for te[0,2n]
O<ti<t 27IE()<11<21:

X, (t+2m) for te[—h0),

where m >0 is a fixed integer.
By @ denote the set of points from R” lying in the domain D together
with their a(m)-neighbourhood, where a(m)= M(n+ 2 \/5 o(m)+2p).



DIFFERENTIAL EQUATIONS WITH IMPULSES 315

We say that conditions (B) hold if the following conditions are satisfied:

Bl. The set 2 is non-empty.
B2. The relation x4, € Q holds.
B3. The following inequalities hold:

4. /2a(m)N+2pL
4/ /3)nN <1, 1.
(4/y/3) 7N < 1—(4//3) nN <

The algorithm for finding the functions x, . ,(¢), k=0, 1, 2,... is now
given.

In Eq. (8) set k=0 and for ¢t [0, 2n] we obtain
x(0)=o+ | Pf(tx,(0) 51t~ h) di
t
+ [ (E=Po=P,,) 114, %0, x0) di
0

+ Z Ii(xo)"zL Z I(x).

O<ii<t O<<2n
Introduce the notation
1 r2n
@y == | " ft, x,(1), x,(t = h)) cos gt di, 9)
mJo
1 p2n )
by== | flt,x(0), x,(1— k) sin gt db, (10)
Yo

Wot) = [ (E=Po—P,) St x0, o) dr

+ % Ix)-5 T Ixo)

O<ti<t O< ;< 2n

Then the solution x,(z) can be rewritten as
x(N=xo+ Y p [a,, sin gt +b, (1 —cos q1) ]+ Yo(2). (11)
g=1

Relation (11) implies that the solution x,(¢) depends on 2mn unknown
numbers a,, and b, (g =1, m). These parameters can be determined by the
system (9), (10) from 2mn algebraic or transcendent equations with 2mn
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unknown parametrs (for fixed m). Analogously, (for fixed m) the (x + 1)th
approximation x, () can be determined by the equality

m ]

S (=0t 3 2L singt+ by, (1 =cos g1+ (0 (12
where
Uil = [ (E=Py= P f(t 5,000 x,00 - h))
P CROIE . X dne )

and the coefficients a,, ,, and b, ., are determined by the system

1 2n
Gyt =5 [ S 310 11— ) cos gi i,

(14)

1 2n i
a1 = | S X0 o (= ) sin gt di.

LeMMA 2. Suppose conditions (A) and (B) hold. Then equations (8) can
be solved with respect to x (t) and x, {t)e S, k=1, 2,....

Proof. Define the operator T: S — R" by the formula
Xo+ [ P fle, x(1), X(t—h)) di
0
+ [ (E=Py=P,) fl2, Z(), ZU— h)) dr
T(x, Z)(1) = « 0

+ Y L-(Z(t,-))—i Y I(Z(t)), te[0,2n]

O<<t O0<n<22n
- T(x, Z)(t+ 2n), te[—h0).
Then for xe€ S and a fixed Z € S, the equality
T(x, Z)(0)=T(x, Z)(2m)=x,

holds.
Inequalities (4) and (5) yield the estimate

IT(x, Z)(1) = xo|| < a(m).
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Hence the operator T transforms the set S into itself (for fixed Z e §).
Let x(z), x(¢t)e S. Estimate the norm of the difference T(x, Z)(¢)—
T(x, Z)(1),

IT(x, Z)(1)— T(% Z)(1)| < (4/+/3) TN | x(1) — %(2)]. (15)

Condition B3 and inequality (15) imply that the operator 7: S — S is
contractive and by the Banach fixed point theorem the operator equation
(8) has a unique solution x,_ ((¢)€ S, k=0.

Moreover, the following relations hold:

x4+ 1(2) = Xoll < alm)

X 1(0)=x,,,(2m) =

This proves Lemma 2.

3. CONVERGENCE OF THE SUCCESSIVE APPROXIMATIONS

LEMMA 3. Suppose conditions (A) and (B) hold. Then the sequence of
Sunctions {x(t)}& defined by Egs. (8) is uniformly convergent as
te[—h,2n].

Proof. Inequalities (2), (3), (4), and (5) imply the estimate
[lx2(t) — x, ()]
<N f[xo(t) = x () + 7N |xo( —h)—x,(1 = h)|
+2/2 6(m) NLIix, (1) = xoll + lx,(t = h) = xll]
+2pL |lx,(2) — xol
< (4/3/3) N [1x5(0) = x, (1) + (4/2 6(m) N+ 2pL) |1x,(1) — X[l (17)

Inequality (17) yields

2a(m)N + 2pL 1x1(0) — x|
_ 4/\/—) N X1 Xoll-

4
l[x2(2) — x, ()] < |

Introduce the notation

4 /2a0(m)N+2pL

m= 1—(4//3) nN

(18)

640/49/4-2



318 HRISTOVA AND BAINOV

The method of mathematical induction implies
X 1 (1) = x O < g7, %0 (1) = Xl

Hence, the following inequality holds:

51
1% L) =X DI <G Y @ 131(8) = X0l (19)
i=0
Inequality (19), in view of condition B3 and the fact that S is closed,
implies the uniform convergence of the sequence {x,.(7)}. Introduce the
notation x_(t)=lm, , _ x.(). Since the set S is closed, x_ . (t)€eS. As
§— oo, inequality (19) implies

K

o, (0) = x, (1) < f'"q EAGEEND

1

m

By the definition of the functions x,(¢), it follows that the function x_.(¢)
for te [0, 2n] satisfies the equation

x(z):x0+f0’f(z, (1), x(t—h)) dt

—J’ Po f(t, x(1), x(t — h)) dt

+ Y L) -— Y L), (20)
2n

O<ti<t O<t;<2n
The relation x_(¢)€ .S implies that the function x_(r) has a 2zn-periodic
extension denoted by X _ (7).
THEOREM 1. Suppose the following conditions hold.

1. Conditions (A) and (B) are satisfied.
2. Equation (1) has a 2n-periodic solution @(t) for which ¢(0)= x,.

Then the relation
(1) =X,(1)

holds uniformly in x, and

()~ x ()] < 722

1(2) — Xoll,

m

where q,, are defined by Eqs. (18).
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Proof. Condition 2 of the theorem implies that

|7 o, ot-myars T 1iotn=0

O<t;<2n

Hence for 1€ [0, 2r] the function ¢(t) satisfies Eq. (20) and the uniqueness
of the solution of Eq. (20) implies that

e(t)=x,(1) for te[0,2r]

and hence

e(1)=X_(1) for te(—o0, o).

4. EXISTENCE OF A PERIODIC SOLUTION

The existence of a 2zn-periodic solution of the system (1) is considered
here. Introduce the notation

A(xo)= Pofit, xo(t) Xl =B 4= T Lixn(t))

27.CO<1,<2n

A0 = Pof (6 %0 % =)+ 3= T L((0))

O0<ti<2n

Since the function x_.(#) is a solution of Eq. (20) then for 4(x,)=0 the
function x(¢) will also satisfy system (1).

Thus, the problem for the existence of a periodic solution of Eq. (1) is
related to the problem for the existence of zeros of the function A(x,). The
points x, for which 4(x,)=0 are singular points of the mapping
4: D — R". However, since the functions x,(r), k=1 are the only ones
known, then, as to employ efficiently the method proposed, we have to
transform the problem for finding the zeros of the function 4{(x,) into a
problem for finding the zeros of the function 4,(x,), k = 1.

THEOREM 2. Suppose the following conditions hold:
1. Conditions (A) and (B) are satisfied.

2. A convex closed domain D, c D exists such that for some value of
k=1 the mapping A,.. D — R" has a unique singular point of nonzero index
in D,.
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3. On the boundary Ty of the domain D, the following inequality

holds

inf |4,(x)| > l"—mq (N+L)

xel"pl

X, —Xgll.
m

Then system (1) has a 2n-periodic solution x*(t) for which x*(0) = x, € D.

Proof. The proof is analogous to that of Theorem | from [3], taking

into account the inequality

10.

12.

G

[A(x0) = A3l < (N4 L) 22

2 = xoll-

m
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